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Course description

ENGINEERING M ECHANICS

UML College of Engineering & Technology

Objective:

« Solution of partial differential equations of engineering importance using

FEM.

» Emphasizing the similarity of the development.
* Development of common mathematical and numerical tools.

 Using consistent and robust methods.

 Developing an object oriented programming structure for FEM.

» Addressing some advanced topics.

4 Elements

7x7 Element: 16 Load steps, 127 Newton lterations

7x7 or 9x9 Node Elements  9x9 Element: 24 Load steps, 163 Newton Iterations
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Course

 Object oriented programming in FEM
» Weighted Residual Methods
» Linear Problems (scalar and vector fields, multi physics)
 Heat transfer, elasticity, and thermoelasticity
e Constraints
* Non-Linear Problems
* Nonlinear elasticity (large deformation)
e Initial-Value Problems
e Transient thermal analysis L
* Vibration of beams
* Bars, Plates and Shells
 Kinematically defined continua
* Numerical Implementation
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Apple

Red blood cell

Cell structure: Procaryote

Ribosome

Cytoplasm

Cell membrane

Cell wall

Nuclear region (DNA)
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Plant cell wall
Iant cIIs Poplar leaf cell
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Constitutive
Characteristics

Finite Element
Approximation

Shell Kinematics

Finite Element

Formulation

Initial and Bom
Conditioy

Numerical Solution
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Shell Kinematics

Varlatlon.al FEM Formulation
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Reissner/Mindlin Shell

X($1,6,,83) =8(6,,6,) +6(&1,6,,&5)d (6, E5) Ji; =8i°8;
Os +agd+ga—d 1=1,2
IS TR
s B3 o
oe, d 1=3 )

x(&,6,,835)

{g(gl’ &) =-1
(&1:6,1) =1
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Making the mappings into material mappings:
F= Vx (X) = Jng Current configuration

Initial configuration /\

- I
Jo=V.(X) J=V.(x)
ffs J=g Qe
a
J, =G, ®e, A <
Y e EE—

Y
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Deformation Gradient: F = JJ;1

Displacement Gradient: H=F —1
F=V,(x)=JJ. Current configuration

Initial configuration /_\

Strains:
L :
e=—(H+H)
2
1
G,==(F'F-I)
2
| -
el)_‘ez gl
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X(81,6,,83) =8(61,8,) +6(81, 65, 83)d(8:,S,) Current Configuration } &

nnpe

$(1,,) = Zspr(Cfl’fz)

nnpe

d(§11§2) = deN p(§1’§2)

nnpe

6(&,6,,83) = Z_gp(§3)N p(§1’§2)

Isoparametric 2-D
Extruded 3-D

S
PR CRE 5
E. 09 .8 é
40— N %
. :




. ENGINEERING MECHANICS
ISOparametrlc Shell N UNL Colilege of Engineering & Technology

X(&,5,,8)=S(&E,E) ¢, (£,5,E)D(E,E) Initial Configuration

S(6) = 2. N, (6,6
D(§1’§2) = %Dpr(élé)
6o(&1:65,85) = Zgop (&N p(é:1’§2)

Isoparametric 2-D
Extruded 3-D

&2
R LR {5
E. 09 .8 é
40— e %
3 él
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Jacobians O ° &
X(&1,65:83) =8(&1,6,) +p(&1: 65, E3)
p
X6 &) =S &) b EEE) [T Q\ A" =57 S
p p q —  [Ad°=a°-D’
X(&1167163) = Np(§1’§2)+§ (§3)Np(§1’§2)d Nq(éjl’é:Z) S ACP=gP (P
[9). _ paNp(§1’§2) aé/p(g%) q
a—éj_s o + of Np(é:l’é:Z)d Nq(é:l’é:Z)
N, (5,5, N5, -
@) T N (6,6) + (N, (6, gy TSl Thickness
& o0&, unknowns
|
£(E) =& (53)+2a f.(&)
|
X o pN(G, &) 0Ll (&) ; Thickness base
a—é:i_s 85, + 8& Np(§1’§2)D Nq(§1’§2) functions

oN _(&,,¢, N, (&2,
G TN (6 6) N, (6 Dt

gop (53) = 53
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Thickness interpolation UNL College of Enginsering & Tachnolopy
Number of interpolation functions 53
Qe=6 i 1
nif
gp(é:s) :gop(§3)+zaip fi(S3) f. (&)
i=1

Legendre polynomials:

™ ™ ™ 1 a
Py(x)=1, Pz)=z, PF(r)=;(3z-1).

1 1
Py(z) = 5(52° —3z), Py(z) = 3(35-;.4 — 3022 4+ 3), ...

F

Material surface

(P.1(&)-P,(&) iisodd

fi(&5) =1

P..(&)—-PR(&) iiseven

One term approximation:

A(ﬁ(gs) - aip f1(§3) - AC?(O)(l— 532)

Mid-surface
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Residual for FEM: /Nominal stress T, = JF'T

R=[wet{Vdr, - [V (@):T]dQ, + | p,uebdQ, - [ p,UcadQ,
T, Q, Q, Q,

F=V,(x)=JJ Current configuration
(N) _ T . X 0 g
Initial configuration
N
tf) ) N

Nodal unknowns:

U, = AsS j=123
WU s =Ad?  j=123
Ui =8
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Nonlinear elasticity UNL College of Enginsering & Tachnolopy
Deformation gradient: (general) OF _ 03y _ ol . dg. ®e, J
Fnew — Fold + FAt ouU aj oU aj ouU aj ou qj i
F., =F, +8—FquAt =F,, +a—FAqu OF - ogi @eing g :a_x
aU ai 8U aj aU qj aU qj aé:l
Nominal stress: (nonlinear elastic)
To (Fnew) — To (Fold ) + TAt
: OF
To (Fnew) = To (Fold ) + aF (T) FAt = To (Fold ) + aF (To) : KAU qj
qj
From shell kinematics
/ (U = As? j=123
OF ai j 15
To(Fnew):To(Fold)+Eo:—Aqu U .. =AdY ]=123
ouU a(j+3) j 1
£ et 4 q i .
U (jee) = @ j=1...nif

Material specific

Tangent modulus of nominal stress: E_ =0,(T,)
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Two parameter nonlinear-elastic material model:

Nominal stress:

o 1
To = det(FYF 1T = Jk(J - 1)F 1 + Gﬁ(FT - 3F )]

Tangent modulus:

_ O I __

Egjmn = kJ (20 — DFTFL - 3WP”"1""F~”_§EJII'
1 2 -1 T

— RJ(J— OWE I+ quémajm—gﬁmnﬂj £ SF E)

Material parameters: Shear and bulk modulus matched to linear response
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Cantilevered beam with distribute end load

6
4 Load steps E=12x10" v=00 F,, =40

41 Newton iterations L=100 h=01 b=1.0
1 -

0.9 - & 3-5x3
O 3-5x3
081 |—szeetal
0.7 4 —Sze et al.
0.6
©
E 05 -
L
—
L 0.4 -

Displacement



ENGINEERING MECHANICS
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Cantilevered beam with distribute end moment

M/M360

Single (9x3)-node element

16 loading steps

175 Newton iterations

E=1.2x10°
v=0.0
L=12.0
h=01 b=1.0

1
0.9 1
0.8 4
0.7 4
0.6 1
0.5 4
0.4 1
0.3 4
0.2 1

0.1 4

Theoretical

8 10 12 14 16
Displacement
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Cantilevered beam with distribute end moment

Z 7 7 "] 7 7 =z 777

(a) 2-(4x3)-360°-16LINC-187NI  (b) 3-(4x3)-360°-16LINC-147NI (c) 4-(4x3)-360°-16LINC-147NI

(d) 2-(5x3)-360°-16LINC-150NI  (e) 3-(5x3)-360°-16LINC-150N] (f) 3-(5%3)-540°-24LINC-224NI

7 7 7 N\ 7 7 / /
(g) 3-(6X3)-540°-24LINC-221NI  (h) 3-(6x3)-720°-32LINC-309NI (i) 3-(7x3)-720°-32LINC-329NI
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Buckling in compression of a column

7000 -

— 2-8x3

— 2-8%3
6000 - * Timoshenko

o Timoshenko
5000 -
4000 - 1
w Wy, E=20x10" v=0.3

3000 - 4 L=0.5 b=0.075

h =0.0045
2000 A

Critical buckling load

Displacement
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Transverse loading of an annular ring

B 09 '
0.8 4
w A o 5-7x7
| v E=21x10° v=00 0.7 1 O 5-7x7
u R =6.0 R =10.0 06 - —Sze et al.
h=0.03 s —Sze et al.
£ 0.5 4
qmax =08 U!
T 0.4
03 - 32 Load Steps

243 Newton steps
5 Elements
(7x7)-Nodes per element

0 5 10 156 20

Displacement
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Pinching of hemispherical shell with hole

4 Elements 7x7 Element: 16 Load steps, 127 Newton Iterations
7x7 or 9x9 Node Elements 9x9 Element: 24 Load steps, 163 Newton Iterations

1 -

0-9 - <> 4'9}(9
& 4-9%9
0.8 -1 O 4-7X7
0.7 O 4-7TX7
z ‘ ’ —Sze et al.
Hole
0.6 - —Sze et al.
)]
E ‘33 L 05 -
%
- ° 0.4 4

0.3 -1

AT
-
<

0.2 1

A R=10 0.1 -
F)/ h =0.04
E = 6.825x107 0 . : . : \
X v=03
/ Hole = 18° 0 2 4 6 8 10

Displacement




Examples from Nonlinear Elasticity

ENGINEERING M ECHANICS
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Pinching of cylindrical shell with free ends

1 -
0o 4 40 Load Steps
174 Newton steps
0.8 4 4 Elements
(9x9)-Nodes per element W — Vg
0.7 1 A
w 0.6 1
& o
105 o
[TH i
— < 4-9x9
T J
0.4 O 4-9x9
0.3 - O 4-9x9
—Sze et al.
0.2 1 —Sze et al.
01 - —23Sze et al.
0 L] L)
0 1 2 3 4 5

Displacement
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E=105x10° v=03125 F,  =40000
L=10.35 R=4.953 h=0.094
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Point load on a hinged cylindrical roof

R=2540 L=254 6=0.1lrad

le
E =3102.75 v=0.3 %.\\é’)

3500 - /
2 o
3000 - L Fi
2500 - R \é/ E{d
2000 A ﬂ
N
- 1500 - EFI A
: o \
- 1000 - E?F 4
500 - b TTTES
i O 4-5x5:h=127
K: . & 4-5x5:h=6.35
— =Szeetal:h=12.7
-500 - Szeetal.h=6.35
'1000 ] |} | ] | | L} L] ] ] | ]
0 5 10 15 20 25 30 35 40 45

Displacement
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2
tanh G;(ll*—3)
G 7, G 1

T T=x (J-DI+ J573 o +J5°f3 (B—gtr(B)Ij
z_z(ll _3)

o

J = det(F)
« tr(C)
l, =—

J§
C=F'F
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Cauchy stress: - E
T=x(3° -DI+G (Be—tr(B )Ij 3(1-2v)
J °3 3 _ E
Over-stress: - 2(1 +V)
b
AT = F*'TF* - T" T =0

Yield function:

2

tr (AT
f :AS:AS—EGy ( )

AS = AT — 1

Power-law hardening rule:

n

o, =0,(l+as)

E=AT" : P
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TWO mOdelS in tenSion UNL Colilege of Engineering & Technology
4000 - ~B- Four Parameter Model
3500 - —o— Large Deformation Elastic-Plastic Model
3000 -
2500 - 4_parameter EIaStiC-pIaStiC
2 x, =90,000 i = 90,000
5
= 2000 -
7 G, = 45,000 G = 45,000
1500 - r, =1,520 o,, =1700
1000 - G,_=700 a=0.6
n=0.115
500
0 I I I I I !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Strain
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Beam in compreSSion UWL Colilege of Engineering & Technology
12000 -
—&— Four Parameter Brick
10000 -
—&— Four Parameter Shell

= —- Large Deformation Elastic-Plastic Brick

=

2

5]

P

= u

s 1

@)

AN

=

<

=

-

L=10, b=1, h=1
N
-7 -6 -5 -4 -3 -2 -1 0

Displacement
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3500 -

3000 -

2500 -

2000 -

Load

1500 -

—&— Four Parameter Brick
1000 - —&— Four Parameter Shell

N

L=10, b=1, h=1

= Large Deformation Elastic-Plastic Brick

500 -

0.0 0.4 0.8 1.2 1.6
Displacement
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Cantilevered beam UNL Colilege of Engineering & Technology
1 v
t =—&— Four Parameter Brick 1200 -~
u ~#— Four parameter brick
N == Large Deformation Elastic-Plastic Brick
—@— Large Deformation Elastic-Plastic Brick 1000 -
== Four Parameter Shell
Four Parameter Shell
800 -
Vv
E 600
. L=10, b=1, h=1
400 -
200 -
]
I T T T T T '
-12 -10 -8 -6 -4 -2 0

Displacement
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Each integration point can have an RVE ‘

X X

03¢ 0% ®/

X
X 0% o

s
____________ 7 %

X

R X
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